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STATISTICAL MECHANICS

Consider an ideal monatomic gas.

. The particles are indistinguishable, but it is poeeible‘
in, principle to determine which (translational) energy levels
are occupied. E o

Consider a system of three particles (1, 2, 3) ocoupying
aree states a, b, c.

Total eigenfunction (un normalised) is given by
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_ Upper sign wavefunction is antisymmetric with respect to
interchange of particles = corresponds to Fermi-Dirac statistics
which apply to electrons, proions, neutrons and species containing
an odd total number of these particles (e.g. deuterium atom).

Lower sign wavefunction is symmetric = Bose~Einstein statistics
which apply to H, He etc. which contain art even number of p, n, e.
Note:= Fermi-Dirac statistics give Pauli exclusion principle '
since no two ¥ can be identical. Bose-Einstein statistics give
no such restriction. : ‘

For 3 particles we would have 3§ = 6, arran ements in above
example if particles were distinguishable. um statistics
give only on< wavefunction :

¥
Fermi-Dirac Statistics

Assume we can group the energy levels. Let there be N
‘particles in the g levels of energy £ . & 7 N, from the
‘1 iz 71 77
_exc1u51on principl - T -

since we can tell in principle which levels are occupied
number of distinguishable arrangements (w ) is

N. ! (gi - i)t "
Fox . whole system'total number of possible configurations is

\X/=El.wi=‘n‘ 2 |
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* Nee  use 0«} Fermi - Dirac cwm e in haad ouwt ! See h‘) q— P‘L
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'a) Conservation of particles N=3 N,
AN = zaN, = 0 i
b) Conscrvation of energy E=3Z N &,
: i
@ o= 3 gy AN = 0 | |
c) Constant volume [E = nzhg for 1=D trenslation]
SmL S .

Ei = 0 for translation.

d) W is a maximum - i.e. system has most probable
distribution

. . )
Stirling's approximation 1n x ] = X In X -« Xx,

in W = i[gilngi-gi- N, In N+ Ni.(g.i.Ni)

ln(gi'Ni)"’gi“N]

z [g; 1n g; - Ny 1n N, (g; = N, ) ln(gi- Ni)]
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d(1n W) z
i
I 1n [(gi - Nij,/r-ri ] dN, .
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Combining with (aj and (b} from above
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o (Lagrmange)
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must be zero, Since relatlon must hold for any Ni

v = ﬁes
gi - Ni =

N

Corresponding treatment for Bose-~Einstein statistics givess Z

€. + N = e @ eﬁﬁ;i ‘ . - L
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Normally gj:,,,)Ni
‘Hence N'.i. = e-ae-B&i

Possihlc cxceptions a) very high pressures
b}  very low temperatures
c) electrons (very low mass)
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Simple case without degeneracy:
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Let us take ﬁi increments to be defined in terms of momentum
increase.
i,e., states are f(p), f(p +4p) ... ete.
= Ne~ /3;;(p)
Se-Af1(D)
Multiply top & bottom byd p

n, = Ne_ pr(p) »p
s - FE(p) Ap

If now we consider ft » n; 18 replaced by g (p)ap

Apo [a continuous distrib?]

#(p)ap = ug'.'_ﬁz.@
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Partition functions
3 (,Ll ("t)/h-r |
: #fRT -t RT
) N z ne =€ z %{.e
Note Eha - %316’ Jhv _ -ia-e/fzr
(summed over "bunches") (summed over individual levels)

- & /AT
We define f = 2 3’};6 "//Q . the partition function

which is a function of the availsble levels and the temperature
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i,e. N-‘-“-&

or /Q .:'f(_r en(N/§)

WQ Can hWow pse t‘r\,ﬁ ()Le/&\vv.\e\ow J} % h
nielo(» eapresciong PN E (= U) S A ek,

L A -£: [k
L b ok OL“FS Z% fﬂ- £ [ kT



-5~
INTERNAL EWERGY E (2 V)
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HELMHOLTZ FREE ENERGY
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H=E+ PV G = A + PV. |
PARTITION FUNCTIONS FOR TRANSLATION
Monatomic gas in one dimension.
2
£ = N_nh
x X _5
8m L
n =>-" g
) * f ( )
ix = % -n_ kb e exp - dn
n,=1exp  Em sz'r.; - x
[ o
j e -ax dx = 1 £
= 2 e
o

f = (2im k Tl'}l
h

Traﬁélaiion in three dimensions

Each motion independent

8='€x+£y+‘c‘,z

Every term in ftr corresponds to every term in fx fy fz

since .
e -£ e “fx o -gx e -Ez-
kT — A
kT kT kT.
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. 5 fln = fx f_y fz
= (27:ka)‘3/213
nd .
= (zzmkr) /3y
n
d 1n f) = Ep. = 3 NkT.
ﬁ' ar o )v ?a'% F'" 2
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For  Av ok 300K w lee, f} - 250" S eaw \4217 JL
SACKUR-TETRODE_EQUATION B Sur 0 <1 Hene ave > 1077 lavels .

S, = Nk [31n (2mikT) + 1ln Ve + 3]
2 5 N, 2
h
since PV = NokT. M = No m.
S, = 2 RInM +3RInT «RInP = 4T Twml'! K
2 2

for translation of any gas.

Internal Degrees of Freedom

Exclusion pfinciple no longer relevant.

€=F + E + &

“"trans. rot. vibr,

These are independent (c.f. Born-Oppenheimer approximation)

t =_ f.trems. X frot:. x fvibr.

Rotation of a linear molecule

£ 2 J(I+1)

d'z-.'h

8x 3y ,
GJ = 2J + 1,

Ja0

fros, * I (27 +1) exp - ﬁ_(:!:.l.). 1

J=0

87‘ }; L

o - rotational symmetry number, | _
This expression gives E, = NK T, i.e. it includes both .
classical rotational degrees of freedom. ]
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Non-~Linear molecule

frot = wi (szkT)% IA%EE%IC%

s pi
This is a good approximation for many molecules.
Vibration
Simple Harmonic Oscillator.

=(n+-l-)hv ' g = 1.

=0
£, =2 exp [ - (n+d) h‘3
n=o kT
-hLI
e 2kT

kT..

By convention, we choose the lowest vibrational level of a

molecule as our energy zero, is that ' = n h v.
Then fv = 11 - -hy
kT.

For a polyatomic molecule, resultant fv is product of
itmdividual £ 's.

b e RT  (whid & Never w ')
- :fv -——>{)¢’r/kv3 e et Wfk= Qv.do

omd Ko Approvimabinw wawkd  be e M T206 .
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SoME VALUES:

Gas

HBr

-~

HI

PJotl Eft&ebk- oW (:V

Orot Ovib

Op 30

85.4 6,100

2,86 3,340 [ 2®

2.07 2,230 ¢ i

2.77 3,070 RE

2.42 2,690 f
15.2 4,140 —— o ve
12.1 34700 i ——

9.0 392Q0 Qrol:
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Svmmetry nroblems for Qp, Hp. Do. Cz Hp etc,

At low temps, need take only 1st term for rot> Sum.
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Rotational levels.

Fermi
Bose

o ©4.

- Dirac
- Einstein

(no chemical terms)
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Third Law of Thermodynamics

Suggest that at T = O,

. can calculate S(T,V) from energy levels.

S(TP)=S(T=0,p) +J

s
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S = 0,k log 1 (ordered state)

efg efc _}nY HY

We can compare Sspec with Scalor (= Sgps — So)



Sackur - Tetrode Equation. (for . trams) ec4 p

S‘ev.am_s = ’Lé‘é;;:“u)v
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Using the expressions for A tpans, and :g'trans € PV = NkT, we get

S=NR[S 0. T-LoPe bn fRTTm) 03 45] ) o
e.g. Hy0 :- - 2
Spec Calor
~1 0,=1 e
strans = Sy T ~mol C Debye _'I_‘3 eNtrap. to 10°K = o.04
~— Spot = 43.91 " " " Ice 100}(%273.1"\( = 3%. 0S
I - 70 00 " " " kielting at 133 “,V\ =110V
hpp—._ & R.A—4
vib e 273.1°K - 373.1%K = 6.1
PO’ ¥/ natl V
Ly oY a Compression to 1 a¥w . = -18.89
Frot =/ (37 'Q‘Tﬁ/ T, T8 T 25.5)
B —eam—— \ ’
o~ K3 fairly close agreement
25°C / latm.
Gae  Sgpee  Scale
HC1 1830 186.5
0o 205.6 205.3
012 213y 2134 S S Aov
N dspee T ey
’ Ty error .
N0 hoe.3 e x 5. > o for some 48
H,0 (88.9 18€.5 x reason 3.9

Residual entropy = molécules barely distinguishable

,", might be :‘-'& on 1“ = 1&&«.2- at most
= S‘g 'J w‘n\ K—

for CO, N20
HLO LY*st‘uJ ,“m‘f’hof SYmmebvical v
so = ’h em(ai)
Equilibrium =R €n 3 = 239 7,0")" (! |>

Take Digrociokion as &cample
IX= vy
Noa Eneigy arement
;lwm prduck stouz
E(_‘ = £; —b\/
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We defn %" =4 Y (ie. volume independ ent)
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